STABILITY OF STEIN STRUCTURES ON THE EUCLIDEAN SPACE 



HERVE GAUSSIER AND ALEXANDRE SUKHOV 

Abstract. Wc give a characterization of the space C", proving a global version of Ncwlander- 
Nircnbcrg's theorem on the intcgrability of complex structures close to the standard complex 
structure on C™. 



1. Introduction 

There exist essentially two different types of Stein structures. The first type consists of 
complex varieties with boundary: a model example is provided by strongly pseudoconvex 
domains. A typical example of a Stein manifold of second type is given by the complex 
Euclidean space C n . In many aspects (the hyperbolicity, the automorphism groups, etc.) the 
properties of these two types of Stein manifolds are totally different. Our work is motivated 
by Hamilton's theorem [7] asserting that Stein structures of the first type are stable under 
small smooth deformations (up to the boundary) of the complex structure. The focus of this 
paper is to prove the same sort of stability result for the space C n . This question is closely 
related to the well-known problem of complex analysis and geometry on the integrability of 
almost complex structures. A first fundamental result here is due to Newlander - Nirenberg 
[T5] . Later on many different proofs of this result and more general results have been obtained 
by various methods (see for instance [TJ HJ El El EDI EES! ED])- The main result of the present 
work can be viewed as a global version of the Newlander - Nirenberg theorem for almost 
complex structures defined on the whole space M? n . Our approach is inspired by Hormander's 
proof [TD] of the Newlander-Nirenberg theorem. We combine Hormander's L 2 -techniques 
with Lempert's and Kiremidjian's results on extendibility of CR structures [T2l[T3] and with 
a global version of Nijenhuis-Woolf 's theorem on the existence of pseudoholomorphic discs 
for certain almost complex structures on K 2n . 

Let M be a smooth real manifold of dimension In. An almost complex structure J on M 
is a tensor field of type (1,1) on M (that is a section of End(TM) satisfying J 2 = —I). It 
is called integrable if any point in M admits an open neighborhood U and a diffeomorphism 
z : U — > B between U and the unit ball of C n such that (z*)(J) := dz o J o dz~ l = J st 
where J st denotes the standard complex structure of C n . In other words the coordinate 
z is biholomorphic with respect to J and J s t and M admits local complex holomorphic 
coordinates near every point. The Nijenhuis tensor of J is defined by 

N(X, Y) = [X, Y] - [JX, JY] + J[X, JY] + J[JX, Y]. 

A structure J is called formally integrable if N vanishes at every point of M. The theorem 
of Newlander - Nirenberg [T3] states that formal integrability is equivalent to integrability. 



Date: 2008-10-18. 

2000 Mathematics Subject Classification. 32G05, 32H02, 53C15. 



2 



HERVE GAUSSIER AND ALEXANDRE SUKHOV 



Let J be an integrable smooth (C°°) almost complex structure on R 2n . We assume that 
for some real positive number 9 > 1 we have : 

(1.1) II D a J(z) - D a JJz) ||< „ A „, ra for < \a\ < 1 and z G C n 

1+ z M a l+ y 



and for some positive integer K = Kin) 



A 



1.2) || D a J(z) - D a J st (z) || < — — for 2 < \a\ < K{n) and z G C 



z 



where A > is small enough. Here and everywhere below we use the notation || z || 2 = 
X^jLi \ z j\ 2 - The norm in the left hand-side is an arbitrary fixed norm on the space of real 
(2n x 2n) matrices. 

In this paper we prove the following result. 

Theorem 1.1. For every n there exist a positive integer K{n) and a positive real number 
A such that for every smooth (C°°) integrable almost complex structure J on M. 2n satisfying 
Conditions U.l\) and M.2\) the complex manifold (IR 2n , J) is biholomorphic to C n = (IR 2n , J st ). 

As we pointed out above, one can view Theorem 11.11 as a global version of the classical 
Newlander-Nirenberg theorem [15] or as an analog of Hamilton's theorem [7] for the whole 
complex affine space. Similar results were obtained by I.V. Zhuravlev [2D], Ch. L. Ep- 
stein and Y.Ouyang [1] and E.Chirka pQ under different hypothesis and by quite different 
techniques. We will discuss these results in the last section. 

2. The 9-problem on (C n , J) 

In this section we use the standard techniques of L 2 estimates for the <9j-operator [9l [ID]. 
We suppose that J is a smooth (C°°) integrable almost complex structure on M 2n such that 

(2.1) || J — J s t ||c 2 (R 2 ™)< 7) 
where 7 is a sufficiently small real positive number. 

Identifying IR 2n with C n we denote by z = (zi, ...,z n ) the standard complex coordinates. 
Fix a basis Uj, j — 1, . . . , n, of differential forms of type (1,0) with respect to J on M 2n . Since 
J is close to J st we can choose u>j in the form utj = dzj + Y2k=i bjkd~Zk where the smooth 
coefficients bj k are small enough. Then dju = Ylj u ^j^j f° r every u G C°°(M 2n ). Consider 
the Hermitian metric ds 2 = Yl^ij^i^j 011 ^ 2n (here Sij denotes the Kroneker symbol). This 
metric is compatible with J. Since djZJj is a (0, 2)-form, we have djZJj = Yli<k<i<n b 3 k pk/\^i 
where the coefficients b? kl can be explicitly expressed in term of the almost complex structure 
tensor J and its first order derivatives. Similarly djujj is a (1, l)-form and 

(2.2) djujj = ^ ^kPk A uji 

\<k<l<n 

The smooth coefficients c| ■ here are determined by the derivatives of J up to the first order. 
For a real function ip of class C°° the coefficients ipkj of the Levi form of the function ip with 
respect to the structure J are given by : 

(2 - 3) ^ = d^kr k + = + ?^se*- 
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Denote by dVo the standard euclidean volume form on R 2n and by dSo its restriction to 
the boundary of Q. The volume form dV = J2j=i u j A defined by ds 2 is given by the 
expression 

(2.4) dV ={l + §)dV 

where the density $ can be written explicitly in terms of bjk- 
From now on we set 

Viz) HI z II 2 

and we suppose that J is a smooth integrable almost complex structure satisfying Conditions 
( 11. II) . ( 11. 21) . In particular we assume everywhere that A in Conditions ( 11. ip . ( 11. 2ft is small 
enough. 

We point out that under these conditions there exists a positive constant tq such that : 

n n 

(2.5) Tq dZjdZj < (phjUtfJJj. 

3=1 j,k=l 

Indeed, it follows from ( 12. 3p that the functions pjk are linear combinations of the partial 
derivatives of p up to the second order, the coefficients of these linear combinations consisting 
of the entries of the matrix J — J st and of their first order partial derivatives (moreover, 
the coefficients of the first order partial derivatives of tp always contain first order partial 
derivatives of the entries of J — J st ). So (I2.5p is a consequence of (11.11) . (11.21) . 

The expression in the left (resp. right) hand-side of (I2.5P is just the Levi form of ip with 
respect to the structure J st (resp. J). So Condition (12. 5p means that the function p remains 
strictly plurisubharmonic on IR 2 ™ with respect to J and its Levi form is uniformly strictly 
positive. 

The following proposition is implicitely contained in P, [10] . 

Proposition 2.1. Fix a real number a such that < a < tq. Then for every sufficiently 
small positive real number A, for every smooth integrable structure J on M? n satisfying con- 
dition M.ty) and for every g G Lq-^IR 2 ",^) satisfying 

djg = 

there exists u G L 2 (R 2n ,ip) such that 

dju = g 

and 

[ \u\ 2 e-^dV<i[ \g\ 2 e-^/(r -a)dV. 

Proof. We keep the same notations as in [TO]. Consider the following two maps of the d- 
complex on (Q, J): 

T = dj : L 2 (R 2n ,p) - L^(M 2r » 

and 

5 = 9 J :L 2 1 (M 2n ,^)-,L 2 2 (M 2 ",^), 
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where the space L^ k (R 2n , <p), equipped with the weighted scalar product and norm, is defined 
as in [9] or [10] pp. 108-109. More precisely, let a form / of type (p, q) be written in the form 

\I\=p\J\=q 

where fj^j are skew-symmetric both in / and in J and means that the summation is 
extended only over increasing multi-indices. Then 



|2 



and 



f\\l= I \f\ 2 e-*dV. 



Fix a smooth function n with compact support in M? n and equal to 1 in a neighborhood of 
the origin. Then the functions r] u (z) = w(z/v) satisfy Condition 

n 

(2.6) £ \dr] u /duj k \ < const. 

k=l 

Using the estimates (12.611 . it follows from Lemma 5.2.1 of [10] that the space L>o,i(C n ) of 
smooth (0, l)-forms with compact support in C n is dense in D?* H D$ for the graph norm 

/ H|/ \\ v + \\ T*f \\ v +\\ Sf \\ v 
Following the classical method of [9] or [10] pp. 77-85, 107-1 14, we obtain for any / e D?* H 

(2-7) / (ro-«)|/|VW<4(||T7||J+||5/||y 

if A is small enough. Inequality ( 12. 7ft enables to conclude similarly to the proof of Theorem 

4.4.1 of pro]. □ 

3. Deformation of the complex structure on C n 

Our proof of Theorem 11.11 is based on isotropic dilations of coordinates "at infinity" . We 
assume everywhere that we are in the hypothesis of this Theorem. 

3.1. Dilations. Our goal is to find a solution of the equation 

(3.1) dju k = djz k 

for k = l,...,n with suitable properties. Consider the linear transformations (isotropic 
dilations at the "point at infinity") of the form : 

d e : C n ^C n 

Z I — ► SZ = ! z' . 

Set J £ := (d e )*(J) and u e k (z') := u k (e~ l z'). If we denote by (z[ . . . , z' n ) the coordinates of z' 
then for every k — 1, . . . , n : 

(3.2) gj.«j = 5j.4- 

Since J £ (z') = J{e~ 1 ^) and J si (z') = JjjT 1 ^), Conditions dTTJ and (JOJ imply : 
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(3.3) || D a J £ (z') 
and 

(3.4) \\D a J £ (z') 
In particular for e < 1 : 

(3.5) || D a J £ (z') - D a J st (z') \\< 2\ a \ +e \ for z' G C n \^B, \a\ < 1 
and 

(3.6) || D a J £ (z') - D a J st (z') ||< 2 |Q| A, for 2 < \a\ < K{n) z' G C n \^B. 

Unfortunately we cannot control the behavior of the dilated structure J £ near the origin. 
For this reason we modify this structure on the ball |B. 

Remark 3.1. Here we have to warn the reader that a given integrable CR structure on the 
unit sphere may be extended to different (integrable) smooth complex structures on the unit 
ball as shows the following elementary example. Consider a real smooth diffeomorphism / 
of the closed unit ball in C n which is equal to the identity mapping in a neighborhood of 
the unit sphere. Then the standard CR structure of the unit sphere, i.e. the restriction of 
J s t to the unit sphere, may be extended to both the integrable complex structures J s t and 
f*(J s t) on the unit ball. Finally we may choose / such that (f)*(J s t) is different from J st in 
the ball. 

In our situation, consider the restriction J £ |i§ of the complex structure J £ to the real 
sphere |§ where § denotes the real unit sphere of C n . This is a smooth (C°°) CR structure 
on the real sphere |S. Furthermore according to Conditions (13. 5p and (13. 6p this is a C K<Jl > 
deformation of the standard CR structure of the sphere, namely of the restriction of J st on 
|§. It follows from the well-known results of G.Kiremidjian [12] (in the case n > 3) and 
L.Lempert [13] (in the case n — 2) that for K(n) large enough and for A small enough we 
can extend the CR structure J e ||S to an integrable almost complex structure J £ of class C°° 
on C n , coinciding with J £ on C n \|B and satisfying the condition : 

(3.7) \\D a J E (z')-D a J st (z') \\<CX, 

for all z' G |B and \a\ < K{n) where C is a real positive constant independent of e. 

Lemma 3.2. Condition $2.5\) holds in the coordinates z' for the function ip : z' h- >|| z' || 2 
and the structure J £ with tq independent of e. 

Proof. Denote by C'-'^^p^v) the value of the Levi form of a function if) at (p,v) G T(M 2n ). 
Then Condition (I2.5P can be written 

(3.8) C Jst &,P,v) <C J (ip,p,v). 



~ Daj sM \\< da | +0+ e || ~, ||H+0 , for every z> G C n , < |a| < 1 
- D a J st (z') \\< * for every z' G C n , 2 < |a| < K(n). 
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Set <p e (z') — tp o (d e )~ l (z') that is (p e (z') = e~ 2 ip(z'). The invariance of the Levi form and 
the inequality (13. 8p then imply 

for any (p', v') G T(R 2n ). Since the structure J e is close to J s t in the C 2 -metric on the ball 
(1/2)B, the last inequality also holds for J e . This proves Lemma [3.21 □ 

The form dj g z' k satisfies, for every real vector field Y : 

djz' k {Y) := \[dz' k {Y) + J e {z' k )dz' k (iY)\ 

= B Jat z' k {Y) + \[J e {z' k )dz' k {iY) - J st {z' k )dz' k {^)} 
= \[J E {z' k )dz' k {iY) - J st {z' k )dz' k {iY)\. 

It follows from the construction of J £ (see Condition (13.61) ) that there exists a positive 
constant M independent of e such that for every k — 1, . . . , n and for every < \a\ < K(n) : 

(3.9) II D a (Pj e ^k) IU°°(c»)< M. 

Using (13. 9p with \a\ — there exists a positive constant M' such that : 

II QjA \\l< M>. 

Denote by dV £ the volume form corresponding to the structure J e , given by (12.41) (with $ 
being defined by means of J e ). 

Fix 1 < k < n and apply Proposition 12. II to the structure J e , with g = dj £ z' k , by virtue of 
the inequalities (13. 6p and (13.71) . There exists a solution u k e of the equation (I3.2p satisfying : 

(3.10) / \ Uk fe-*dV e < f \d 3e z' k ?e^/ridV e = (1/n) || d 3 z' k \\% 

with 7~i := T — a for r and a from Proposition 12. II independent of e. 

Furthermore it follows from Conditions (13. 5p . (13. 6p and (13.71) and from the expression of 
Bj £ Z k given above that for every compact subset X of C n we have : 

(3.11) lim sup \D a (d Je z' k )\=0, 

z£X,0<\a\<K(n) 

uniformly with respect to e sufficiently small. 

Then using (13. lip with |a| = we have by the Lebesgue Theorem : 

(3-12) Km\\dj/ k \\l = 0, 

uniformly with respect to e sufficiently small. 
It follows now from flBTTUD and fl3TT2l) : 



which implies : 



lim / |?4|VW e = 



(3.13) lim / \u £ k \ 2 dV £ = 0, 

uniformly with respect to e sufficiently small. 
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Finally according to (13. lip we have for every < \a\ < K(n) : 



(3.14) 




uniformly with respect to e sufficiently small. 

3.2. Estimate of the C 1 -norm. Since the right hand-side of the equality (13.11) is smooth, 
according to the well-known results (for instance, Theorem 5.2.5 of [10]) the solution u\ is 
also smooth. In order to control its C 1 norm we follow classical arguments of [10] . The next 
statement is just a consequence of the Sobolev embedding Theorem : 

Lemma 3.3. There exists a positive constant C\ independent of e such that 
Kllci(B)<Ci [ / K\ 2 dV e + [ \djui\ 2 dV e + [ \D a (djut)\ 2 dV e 

\ J 2B J 2B 1/11/ i 1 -^21 

\ l<|«|<n+l 

where B denotes the unit ball in C n . 

Proof. Fix a smooth C°° function £ in C n with compact support in 2B, and such that the 
restriction of £ to B is identically equal to 1. The classical arguments of [10], Lemma 5.7.2 
page 140 shows that there exists a positive constant C3 independent of e such that : 

(3-15) || dj e (£u e k ) ||l3(2B)< Ca (|| (£4) IU 2 (2B) + II dj E (^ U k) IU 2 (2B)) 

where the L 2 -norms are considered with respect to the standard volume form dVo on C n . 

It follows from (13. 15[) and from Proposition 12.11 that there exist positive constants C3, C4 
and C5 such that : 

II d jM U k) IIl 2 (2B) < C3 (II ||L2(2B) +_|| U% ||L2(2B) X || 8 j£ || L 2 (2B) + || 3 jU% || L 2 (2B) ) 

< C 4 (\\u% || L2(2B) + II dju% || L 2 (2B) ) 

< C 5 II || L 2 (2B ) • 

Thus we have : 

II 9j e {u%) ||l2 (b) < C 5 II 9j e u| || L 2 {2B ) . 

In particular, we may impose that the L 2 -Sobolev norm W 1,2 (2M) of is arbitrarily small 
if A, provided by Condition (11.21) . is small enough. In order to obtain an estimate of the C 1 
norm, we iterate this argument. For instance, set gf = du £ k /duji. Then the above argument 
gives the existence of positive constants Cq and CV such that : 

II dj E 9 k t ||l*(b)< C 6 (|| g\ || L 2 (2B) + || d 3e g k ; || L 2 (2B) ) <C 7 J2 II D °^j e u k IU 2 (2B) • 

|a|<l 

Iterating this argument we obtain estimates on the L 2 -norms of the derivatives of u k up to 
order n + 1. Then the Sobolev embedding theorem implies the desired statement. □ 



4. J-COMPLEX CURVES AND MONTEL'S PROPERTY 

In this section we conclude the proof of Theorem 11.11 



8 



HERVE GAUSSIER AND ALEXANDRE SUKHOV 



4.1. Montel's property. Let r be a sufficiently small real positive number. According to 
Conditions (13.131) . (13.141) and to Lemma 13.3} if K{n) > n + 1 then we can choose A small 
enough such that : 

(4-1) II u l llc*(B)< r, 

uniformly with respect to e sufficiently small. 

Consider the smooth C°° almost complex structure J defined on C n by J = (<i~ 1 )*(J £ ). In 
our situation we have J(z) = J e (ez). Then the structure J coincides with J on C n \^B. In 
particular the function £| defined by v £ k (z) := u e k (ez) satisfies the equation : 

djv £ k = djz k 

on C n \^B This means that the function 

fk ■■= z k - v £ k 

is J-holomorphic on C n \^B. Since the unit ball B equipped with the structure J is a Stein 
manifold, by the removal of compact singularities the function /| extends on C n to a function 
still denoted by /| and J-holomorphic on C n . Moreover according to the estimate (14. ip we 
have : 

(4-2) || v% || c i((i/2 £ )S)< r. 

Consider now a sequence (£j)j decreasing to and set p := f Ej . It follows from (14.21) : 

(4.3) || P - Id || cl ( (1 / 2£ ,)s< r. 

In order to prove that the sequence (p) is a normal family it is sufficient to show that 
the sequence (p) is uniformly bounded on r B for every r > 0. A natural idea is to use 
the estimate H4.3|) and the maximum principle. The obstacle here is that the identity map 
Id : (C n , J) — > (C n , J st ) is not holomorphic. For this reason we use the techniques of 
J-holomorphic curves similarly to M.Gromov's work [S] (basic local results were obtained in 

In what follows we denote by A the unit disc of C. We remind that for R > a smooth 
map Lj : RA — > C n is called J-holomorphic if dLj o J st = J o dLj. In other words, Lj is 
holomorphic with respect to the structure J s t on C and the structure J on C. We also call 
such maps J-holomorphic discs. We always suppose that a J-holomorphic disc is continuous 
on RA. In the case where a J-holomorphic map Lj is defined on the whole complex plane 
C we call it J-complex line. 

Proposition 4.1. There exists a positive constant C such that for every v G S there is a 
J-complex line L 1 } : C — ► C™ satisfying : 

sup || L v j(0-(v\\<C\, 

A being a constant from U.l\) . U.ty) . Furthermore 

C n \B c {L v j((), veS, (eC}. 

A weaker version (but still sufficient for the proof of Lemma I4~3"|) of Proposition |4TT] giving 
the existence of arbitrary large J-complex discs instead of lines follows from the results of 
[2]. On the other hand Proposition 14. II is a consequence of a more general result, concerning 
smooth almost complex deformations of the standard complex structure. Since this result 
is of independent interest we state and prove it in the next section for the convenience of 
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the reader (see Theorem 15. ip . We will apply Proposition 14.11 together with the following 
Lemma. This frequently used statement is just a variation of the classical Nijenhuis-Woolf 's 
Theorem (see [TTj). 

Lemma 4.2. For a G C" -1 , \a\ < 1, let the map N a : 2A -> C n be defined by N a (() = 
(a, 0) +C(0, 1) where (a, 0), (0, 1) G C n_1 x C. For every X sufficiently small there exists a J- 
holomorphic curve N] : 2A -> C n stzc/j f/iai iVj(O) = (a, 0) and sup ?g2A ||iVj(C) - N a (()\\ < 
CX. These curves form a foliation of a neighborhood o/B. 

We continue now the proof of Theorem 11.11 

The crucial consequence of Proposition 14.11 is the following 

Lemma 4.3. We have 

(4.4) || ft(z) -z ||< r + CX 

for every j and every z G (l/2£j)B. In particular, for every tq > the sequence (ft) 
uniformly bounded on the ball r B. 

Proof. Let p G (l/2gj-)B\B. Consider the J-complex line Lj given by Proposition 14. II passing 
through p, i.e. satisfying L v j(( p ) = p for some ( p G C. Denote by L v the usual complex line 
(gCh (v. Since the maps Lj : (C, J st ) ^ (C\ J) and / J ' : (C\ J) -> (C n , J st ) are 
holomorphic, the map £ i— > f^(L v j(Q) — L v (() is holomorphic with respect to J st . It follows 
by Proposition 14.11 that the domain Dj := (L v J )~ 1 ((l/2ej)M) is a bounded domain in C 
containing the point Q p . Furthermore, the function tp(z) =\\ z \\ 2 is J-plurisubharmonic and 
so the composition if o L v j is a subharmonic function on C. Applying the maximum principle 
to this function we obtain that the domain Dj is simply connected and its boundary coincides 
with the level set {(eC :|| L v j(() \\= 1/(2^)}. For C G C satisfying || L v j(() \\= 1/(2^) we 
have : 

|| P(L v j(0) ~ L V (C) \\<\\ f j (L v j(0) ~ L'j(0 || + || L°j(Q - L»{Q \\ . 

The first quantity in the right hand-side is bounded from above by r in view of (I4.3P and 
the second one is bounded by CX. Applying on the domain Dj the maximum principle to 
the map C >-> f j (L v j(()) - L v (() we conclude that the estimate (S3D holds on (l/2e i )B\B. 

If p G B we repeat the same argument, replacing respectively V by N a and L v j by Nj, 
from Lemma 14.21 This ends the proof of Lemma 14.31 □ 

4.2. End of the proof of Theorem 11.11 Denote by Jac(p)(z) the Jacobian determinant 
of the map fi at z. 

Lemma 4.4. There exists a positive constant a such that 

\Jac(f)(z)\>a 

for every j and every z G (l/2sj)M. 

Proof. It follows from ( 14. 3 p that the Jacobian determinant Jac(/ J ) of / J is a holomorphic 
(with respect to J and J st ) function not vanishing on (l/2gj)S. Hence it follows from the 
removal compact singularities theorem that Jac(f^) does not vanish on (l/2e_j)B. Applying 
the maximum principle to the function 1/Jac(/- 7 ) we conclude. □ 

Lemma l4~3l implies that the sequence (ft) contains a subsequence (still denoted by (ft)) 
uniformly converging (with all partial derivatives) on any compact subset of C n . Denote by / 
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the limit map. Then the map / satisfies the equation djf = that is / : (C n , J) — »• (C n , J st ) 
is holomorphic. Furthermore according to Lemma 14.41 the map / is locally biholomorphic. 
On the other hand, it follows by Lemma 14.31 that for every compact subset K of C n we 
have || f — Id ||c°(k)< r + CX and therefore / : C n — > C n is a proper map. Now by the 
classical theorem of J.Hadamard [6] / is a global diffeomorphism of M 2n and so is globally 
biholomorphic. 

This completes the proof of Theorem 11.11 □ 

5. Stability of curves under a deformation of J st 

In this Section we establish a general version of Proposition 14. 1L This does not use the 
integrability of J and is valid for any almost complex structure on C n satisfying Conditions 
(II. ip . (11. 2ft . We point out that one of the results of Gromov [5] gives the existence of a 
J-complex map from the Riemann sphere to the complex projective space CP n equipped 
with an almost complex structure tamed by the standard symplectic form of CP n . One can 
also view the next statement as a global analog of the Nijenhuis-Woolf theorem [161 ELY]- 

Theorem 5.1. Let J be a smooth almost complex structure in C n satisfying Conditions (LOP 
and ( li.jjjj , where X is sufficiently small. Then there exists a positive constant C such that 
for every v 6 § there is a J-complex line L v j : C — >• C n satisfying : 

(5.1) sup || L v j(C) - (v ||< CX. 

Cec 

Furthermore 

C n \M = {L v j(C), W e§,(eC}. 



Denote by L P (C, C n ) the standard space of Lebesgue p-integrable maps from C to C n and 
by C m ' 7 (C, C n ) the space of m times continuously differentiable maps from C to C n , with 
7-Holderian partial derivatives of order m (globally on C), both equipped with the standard 
norms. Recall that 



II £^(0 - D a z(C) 

(5.2) || z ||c m ^(c,c™)=|| z \\c m (c) + 2__, SU P 



CC'eC IC-CI 7 

\a\=m 

As usual, the norm on the intersection L P (C, C n ) PI C m,7 (C, C n ) is the sum of the norms on 
L p (C, C n ) and C m ' 7 (C,C n ). Recall also that the Cauchy-Green transform on the complex 
plane C is defined by 

m , . , 1 f f z(r)dr A dr 



27TZ J J c T - C 

We need the following classical property of the Cauchy-Green integral (see for instance 
[TB],p.63) : 

Proposition 5.2. For every p G [1,2[ ; for every integer m > and every real number 
7 G]0,1[ 

T : L P (C, c n ) n C m,7 (C, C n ) L P (C, C n ) n C m+1 ' 7 (C, C") 
is a linear bounded operator satisfying 

{Th) x = h. 
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Proof of Theorem \5.1[ This is based on a bijective correspondence between certain classes 
of J-complex lines and standard complex lines. The crucial observation is the following. Let 
L : C — > C n , L : ( i— > z(() be a J-holomorphic map. Then the map L is a solution of the 
following quasi-linear elliptic system of partial differential equations: 

(5.3) 2£ - A{z)z l = 

where A(z) is a complex (n x n)-matrix function. It corresponds to the matrix representation 
of the real endomorphism (J(z) + J st )~ 1 (J(z) — J st ) of lR 2n ; it is easy to check that this 
endomorphism is anti-linear with respect to J s t (cf. for instance [16J). This equation is 
equivalent to 

(5.4) (z - TA{z)zfe = 

that is to the J si -holomorphicity of the map w : ( z(Q — TA(z(())z-^(C) 011 C. 

Consider the J st -holomorphic map L v : ( — > (v, ( 6 C. Our goal is to consider J- 
holomorphic maps defined on C close enough to L v . Since the map V is not bounded and 
so does not belong to the space C 1,7 (C,C n ) equipped with the standard norm introduced 
above, we need to modify slightly this norm in order to enlarge this space. Fix 7 G]0, 1[ and 
consider a continuous map z : C — > C n . We define its weighted C° norm by 

(5-5) |UIU: = IU(C)(l + |C| 2 )" 1/2 ||co(c,c«)- 

For a function z : C — > C n of class C l with the 7-Holderian first order partial derivatives 
we define the weighted C 1,7 -norm by 

(5.6) || z Hc*^T(c,c n ) := H z W w II Z C llc°'T(c,c™) + II z x ||c >t(c,c™) 

Thus we just add the weight to the C°-term in the standard norm (15. 2p . We denote by 
C^ ,7 (C,C n ) the space of the above maps z : C — > C n equipped with this norm. Then 
obviously 

(i) The space C^ 7 (C,C n ) is Banach 

(ii) For every z G C^ ,7 (C, C n ) one has 

(5.7) || z Ilci^(c,c™)-ll z IIgi.t(c,c») • 
In particular the identity map 

id : C 1,7 (C, C n ) — > Ci' 7 (C, C n ) 

is continuous. 

For Eq > small enough consider the open subset U £o of the space C^ 7 (C, C n ) defined by : 

U £0 := {z G C^ 7 (C, C n )/\\z - Ll c x, 7(CjCn) < e , \\v\\ = 1}. 

We point out that IA £0 is independent of v which runs over the unit sphere in the above 
definition. 

Given 6 > 1 from Condition (TET]) fixp 2[ such that dp > 2. Then A(z)z£ G L P (C, C n )n 
C°' 7 (C, C n ) for every z G U eo . Thus the operator : 

z t— > w = z — TA(z)zj. 



12 HERVE GAUSSIER AND ALEXANDRE SUKHOV 

is correctly defined by Proposition 15.21 if e > is small enough. In what follows we always 
assume that this assumption is satisfied. 

Proposition 5.3. If X given by Conditions U.l\) . U.2\) is sufficiently small then the operator 
$j is a smooth local C 1 diffeomorphism from IA £0 to $j(W eo ). Moreover V £ $j(W eo ) for 
every v £ §. 

Proof of Proposition \5.3\ First we show that $ j is a small C 1 deformation of the identity on 

Lemma 5.4. There exists a positive constant D 1 (e ) such that for every z £ U £0 : 

(5.8) || $j(z) - Z ||cVr(C,C»)< AA. 

We point out that we employ the standard non- weighted norm in ( 15. 8p . 
Proof of Lemma 15.41 Indeed, in view of Condition (11.11) and the choice of p we have the 
estimate 

(5-9) || A(z)z<- |U P (c,c«) + II A{z)z-£ ||c°>-?(c,c«)< D 2 X 

for any z £ U £o , for some D 2 > 0. So Proposition 15.21 implies the statement of Lemma. □ 

Next we prove that the Frechet derivative $j of $j is close to identity as an operator. 
The derivative of $j at z £ U £Q is defined by : 

$j(z) : C^(C,C n ) - Ci"(C,C») 

i i— > it) = i — TA(z)i^ — T(_B(i)^) 

where B is given by 

B(z) = [J(z) + J st Y l DJ(z){z) - [J(z) + J st \- 1 DJ{z){z)[J{z) + JstW^) ~ M- 
Lemma 5.5. There exists a positive constant D^{sq) such that for every z £ U £Q : 

(5.10) \\\^j(z) -Id\\\ < D 2 \. 

Proof of Lemma \5.5\ It follows from Condition (II. ip that there exist positive constants 
_D 4 , D 5 such that for every z £ U £0 and for every z £ C^' 7 (C, C n ) we have : 

(5.11) || B(z)~z~£ ||i p (c,c«) + II B(z)z-j- ||c°^(c,C")< ^4A||i|| c i,7( C)C „), 
and 



(5.12) || A(z)z z ||l p( c,o) + || M z )i( \\eo.i(c,c^< DBMlzW&qcw 

Now Proposition 15.21 implies the desired statement. □ 

Remark 5.6. We point out that the estimates (15.91) . (15. lip . (I5.12p and the existence of the 
Frechet derivative of $j rely deeply on the definition of U £o . Indeed every map z £ U £o has 
the same asymptotic behaviour at infinity as \(\. This allows to use Conditions (11.11) and 

Proposition 15.31 is now a consequence of Lemmas 15.41 and 15.51 provided A is sufficiently 
small. We just need to justify the last statement, i.e. the condition L v £ $j(W eo ) for every 
v £ §. We must show that the equation : 

(5.13) z = TA(z)zj + L v 
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admits a solution z e IA £0 . Consider the operator Q : z \— > TA{z)zj-\- L v defined on the 
closure IA £0 . It follows by Lemma 15.41 and the estimate (15. 7p that for A small enough the 
image Q(U £o ) is contained in U £o . Furthermore Lemma [5.51 implies that Q is a contracting 
map. So by the Fixed Point Theorem the equation (I5.13P has a unique solution in U £o . □ 

We can conclude now the proof of Theorem 15.11 According to Proposition 15.31 if A is 
sufficiently small then for every v 6 § the map L v belongs to <&j(U £Q ). Then the map 
L v j := &j 1 (L v ) is J- holomorphic on C, satisfying the condition (15. ip . Finally consider the 
evaluation map 

evj : R+x§ -> C n 
(t,v) » L*j(t) 

smoothly depending on J as a parameter. The map evj is a smooth small deformation 
of the map evj st : (t, v) t— > tv . Let the projection tt : C n \{0} — > 1R + x § be defined by 
n ( z ) = (|| z || 2 , || z II" 2 z) so that (ev Jst o tt) : C n \{0} -> C n \{0} is the identity map. Now 
we extend the restriction (ei>j o 7r)|§ smoothly on the unit ball B and obtain a smooth map 
Evj : C n — > C n coinciding with (evj o tt) on C n \B. It follows by the condition (15.11) that we 
have || Evj(z) ||— > oo as || z \\— > oo i.e. this map is proper and so is surjective. □ 

6. Examples and remarks 

5.1. It is not difficult to produce examples of structures satisfying the assumptions of 
Theorem 11.11 One may consider a smooth diffeomorphism F : M 2n — > IR 2n such that F 
converges "fast enough" to the identity map as . \ zj\ 2 tends to infinity, and set J = F*(J st ). 

The integer K(n) in Theorem II. II depends on results of G.Kiremidjian and L.Lempert. In 
the case n > 3 it follows by [12] that one can take K(n) = n + 3. In the case n = 2 the 
assumptions on the initial regularity are more involved (see Proposition 13.1 of [13]). 

We point out that Charles L. Epstein and Yong Ouyang |1] obtained another version of 
Theorem 11.11 Roughly speaking they require the convergence of J and its partial derivatives 
up to the third order to J st at infinity, with "the third degree plus e" polynomial decrease. 
Their approach is based on the study of the asymptotic behavior of sectional curvatures near 
a pole in a complete Kahler manifold. Thus our assumption on the asymptotic behaviour of 
the partial derivatives of J up to the third order are weaker, but we need assumptions on 
higher order derivatives. 

The approach of I.V.Zhuravlev [20] is based on an explicit solution of the <9-equation in 
C n by means of a suitable integral representation. He obtains an analogue of Theorem 11.11 
assuming that the norm || J — J st ||i°°(c n ) is small enough and the matrix function J — J st 
admits certain second order Sobolev derivatives in L p (C n ) for suitable p > 1. This result 
requires a quite low regularity of J. However Sobolev's type condition of LP integrablity on 
C n is somewhow restrictive: there are obvious examples of functions polynomially decreasing 
on C n , which are not in L p (C n ). So our result is independent from the results of [U [20]. It 
would be interesting to find a general statement which would contain the results of [H [20] 
and the result of the present paper as special cases. 

A strong result was obtained recently by E.Chirka [1] who proved an analogue of Theorem 
II . II in the case of C 2 , under the assumption that the norm || J — J st ||loo(c 2 ) is small enough 
and that J — J st is of class L 2 on C 2 . His method is based on the study of global foliations of 
C 2 by pseudoholomorphic curves and strongly uses the dimension two. He also obtained a 
statement on the existence of J-complex lines in the spirit of Theorem 15.11 under assumptions 
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different from ours; his result can not be applied in our situation. We believe that the 
approaches of the present work and the works [U HI [20] will be useful for a further work 
concerning the natural questions on deformations of Stein structures. 

5.2. We point out that there exist integrable almost complex structures on IR 2n without 
non-constant plurisubharmonic functions (see [3]). The simplest examples come from the 
complex projective space CP™. 

Proposition 6.1. There exists an integrable almost complex structure J on M 2n such that 
every J -plurisubharmonic function u : M 2 ™ -> [-oo, +oo[ is constant. 

Proof. Consider the complex projective space CP™ and the affine space C™ equipped with 
the standard complex structures Jf t and J st respectively. Let also 7r : CP n — > C™ be the 
canonical projection. Then CP™ = 7r -1 (C n ) U S where S ("the pullback of infinity") is a 
smooth compact complex hypersurface in CP n . After an arbitrary small perturbation of S, 
given by a global diffeomorphism $ of CP™ we obtain a smooth compact real submanifold 
S := ®(S) of codimension 2 in CP™. 

For such a general perturbation, the manifold S will be generic almost everywhere, meaning 
that the complex linear span of its tangent space in almost every point is equal to the tangent 
space of CP™ at this point. According to well known results (see for instance [11] ) such a 
manifold is a removable singularity for any plurisubharmonic function. More precisely, if u 
is a plurisubharmonic function on <CF n \S then there exists a plurisubharmonic function u on 
CP™ such that tt| CP „^ = u. Therefore any function which is plurisubharmonic (with respect 

to JfJ on C¥ n \S is constant. Then the complex structure J := {ix o $ _1 )*(Jf t ) satisfies the 
statement of Proposition 16.11 

Acknoweldgements. We thank E.M.Chirka for bringing our attention to the subject of the 
present paper and to the works [U [20]. We are grateful to Ch. Epstein for bringing our 
attention to the article [I]. 
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